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Abstract
Field structure of a noncommutative fermion is considered within spin coor-
dinate. A detail form of potential is appeared with constraint equations which
reflect the non-commuting nature of spin dierential operator. The eld is
identied as a massive gauge eld in the coordinate which evaluates a mag-
nitude of noncommutative parameter in weak scale. The coupling constant
of noncommutative fermion in spin coordinate system has discrete values and




The concept of noncommutative space-time has begun phenomenological implications
including Higgs mechanism [1,2] and QED processes [3{5] following the rigorous mathemat-
ical formulation by Connes [6] and the important connection to string theory [7,8]. Toward
precise value of predictions, the bounds of the unknown noncommutative parameter 
are extensively studied in [9,12{14]. A denite magnitude of the parameter for weak scale
has shown up in [10] as a restricted application of Seiberg-Witten map [11,8]. In [10], the
parameter was calculated from the noncommutative eld equation in isoscalar case with
undetermined potentials.
In this paper, we investigate the detail structure of the potential in spin coordinate. Using
the potential, we evaluate the noncommutative parameter at weak scale and nd that the
spin coupling constant in spin coordinate reduces to zero in the high energy limit.
II. NONCOMMUTATIVE POTENTIAL IN SPIN VIEW
The noncommutative fermion which is dened by two physical variables, momentum and








22τ  xsR  xsR (1)
with the normalized space-time
xR() = g

R x() ; x

sR






where the isoscalar part is only considered for simplicity. The isoscalar part of eld equations
in view independent form is given by
@F
 = J ; @ ~F
 = 0 (3)
Momentum view is dened by a noncommutatively transformed momentum
P () = p(P
 + τ Ps ) (4)
and the spin view is dened by rotating coordinate with an internal angle #
P s () =
@
@#
P () = p(τ P + P s ) (5)
where p = 1=
p
1− 2 = cosh # and  = tanh# are related to isospin velocity. In spin view,
























to describe the longitudinally polarized spin in spherical polar coordinate system
s^ = ^ ; s^θ = ^ ; s^’ = ’^ (7)
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The velocity  can be always interchanged by spin variable in the case of longitudinal
polarization.
 = s0=s ; s = (s0; s) = γ(; ^) (8)
In the spin coordinate system, we dene the space-time variable
xs = (cts; rs) 

mc
P s = s
 (9)
with mc = h. In the coordinate, we set  = 1 as in dierential operator @ for convenience.
Since there is only one dierential operator in spin coordinate, the eld tensor depends on
spin variable  only
F  = @A()− @A() (10)
The main dierence of noncommutative eld in spin coordinate system with Abelian eld
comes from restriction of eld to the axial direction such as
σ  σ = 2iσ ! rs rs = −2β rs (11)
for arbitrary function  = (β). Divergence equation can be satised only through the
relation
rs(+ 2)  rs()As = 0 (12)
with
rs() = rs + β (13)
Therefore, we can easily identify the magnetic eld in spin coordinate as
Bs = rs()As() (14)
To investigate the other equations, it is necessary to note that the dependence of energy and
momentum on velocity transformation is directly related to those of dierential operators
in spin coordinate system.
(






rs + 2β + ^ 1
γ2
)
@ = 0 (15)
Then, it is straightforward to write the whole set of equations
rs(+ 2) Bs = 0
rs(+ 2)Es = −@ (+ 2)Bs
@ (+ 4)s +rs(+ 4)  Js = 0
rs(+ 2)Bs = Js + @ (+ 2)Es
rs(+ 2) Es = s
@s() +rs() As = 0
Es = −rs()s − @ ()As (16)
with the ve constraint equations in axial direction
2
rs Es = a@ (+ 2)^ Es
rs As = a@ ()^ As
rs As = a@ ()^ As
rss = a@ ()^s
rss = a@ (− 2)^s (17)
with a = 1
γ2(1+)2
. The eld equations with the constraint equations completely x the forms
of all potential and elds, for example,
s = Asβ =
es

(1 + )=2 ; s = s=(1 + ) (18)
where Asβ is the longitudinal component of potential. Some useful relations are
(rs + 2β)rs As = (rs + 2β)(rs As)− (rs + 2β)  rsAs

































































We summarize the eld equations in 4-vector form
@(+ 2)F

s () = J

s ; @(+ 2) ~F

s () = 0
@(+ 4)J

s = 0 ; @()A

s () = 0 (20)
and for the longitudinal polarization,   β  ,
@() = @ −  (21)
One of the notable things is that the eld is invariant under local change of spin variable
 = s0=s
A0s () = A

s ()− @(− 2)s() (22)
so that
F 0s () = @
()A0s − @()A0s = @()As − @()As = F s () (23)
Regarding to the question on mass of the gauge eld in spin coordinate, we identify it as a
massive eld from the Lagrangian
−1
4
F s ()Fs() = −14(F s − 2mF sm)Fs − 12m22A0s A0s (24)
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with F sm  As − As , A0s = (0; (1− )Asβ; Asθ=γ; Asϕ=γ), and the identity
F smFsm = 2(  As  As −   As  As) = 2A0s  A0s (25)
A mass function of the massive gauge eld comes from wave equation
@(+ 2)@
()A() = [@  @ − 2m(+ 1)  @ +m2(− 1)  ]A() = 0 (26)
with a constraint condition J 0s = (r0s As;r0ss) = 0 which arise in the exchange of @(+2)
and @() with r0s = (1+)
2

rs − 1γ2@ ()^. The second term in wave equation acts as a
damping force to the eld. The mass function becomes
m2(; ) = m2(− 1)(1− 2) (27)
The local minimum of the mass function at  = 0 can be found
d
d
m2() = m2(2− 1) = 0 (28)

















m = 2jmminj = 2 1
3
(2mW +mZ) = 168 GeV (31)
is used to evaluate the noncommutative parameter  at the weak scale
  (p
p
2)2 = (206 GeV )−2 (32)
We note that a recent analysis on the parameter for Z ! γγ process set the high energy
bound as   (250 GeV )−2 [12]. We expect, by the weak mixing angle ttings [15,16],




From the general equation of noncommutative force in [10],
d
d 
P ∓ = qβνF

± (33)
the isoscalar force in spin coordinate can be written as
d
d()






The conjugate momentum and potential energy are derived from the force equation
d
d()
[mus() + esAs()] = −rs()Vs() (35)






() + us()  rs() (36)
Noting that the momentum in spin coordinate is same as the particle momentum in the
case of longitudinal polarization, us () = p(u
 + cs) = pγ(1+ ; ^(+ )), the potential
energy can be written as
Vs() = esus() As() = pγ(1− )(1− )ess() (37)
where s = Asβ =
es














 s(β) = Es s(β) (38)
We solve the equation for unperturbed Hamiltonian. The equation may be simplied by the
separation of wavefunction in angular and radial parts,  s(β) =
1
















Gs() = 0 (39)
The dimensionless quantities are dened as a = 2Vs()=m and b =
2Es
m
. The angular quantum
numbers l0 and n0 are responsible for the angular components of spin. The radial equation
itself becomes the associated Legendre equation with the identication of cos#  . We
may consider the equation as the radial-angular equation. The associated Legendre equation
provides three independent ways of quantization such as
the energy quantization,





= 0 −! s02 = (γ)2 = 1
2
l0(l0 + 1) (41)
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and nally the coupling quantization.












1− (1 + )(3−)=2 (42)




(1− 2) 2Y n′l′ (; ’)Y nl (#; ) (43)
where the last spherical harmonic function represents angular part of radial motion with
cos# =  in spin coordinate. Since the wavefunction diverges at l = 0, we nd the lowest
state as l = 1, n = l0 =  = n0 = 0. For  = 0,
 l
′=n′=0
l=1;n=0 = 1 ; Es0 =
1
2
mc2 ; s0 = 1 (44)
The spin coupling constant can be factorized into the two independent terms as the isospin
velocity  = 0
s(l; l
0) = s(l)s(l0) (45)
in which rst term reflects the radial motion of spin and the second term is originated from
angular motion. We note that for  6= 1 the noncommutative fermion behaves as in free
motion in the high energy limit
s
!1−! 0 (46)
Since the invariant mass m has a bound 2[mW ; mZ] in weak scale, we may evaluate a bound
for the next transition
Es(n = 2)− Es(n = 1) = 3
2
m = 3[mW ; mZ] = [240; 274] GeV (47)
if the lowest transition is approximately taken as the intermediate vector bosons. We expect
that the inclusion of isovector motion to dynamics might be lower the bound.
IV. CONCLUSIONS
Working on spin coordinate system, we show that the spin eld is a massive gauge eld
and the evaluated noncommutative parameter is within the extracted high energy bound of
Z ! γγ process. The spin coupling constant which reduces to zero in the high energy limit
suggests to include the isovector motion for full description.
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